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Abstract
We investigate holography on an (n − 1)-dimensional brane embedded in
a background of AdS black holes, in n-dimensional Gauss-Bonnet gravity. We
demonstrate that for a critical brane near the AdS boundary, the Friedmann
equation corresponds to that of the standard cosmology driven by a CFT dual
to the AdS bulk. We show that there is no holographic description for non-
critical branes, or when the brane is further away from the AdS boundary. We
then derive a Cardy-Verlinde formula for the dual CFT on the critical brane
near the boundary. This gives us insight into the remarkable correspondence
between Cardy-Verlinde formulæ and Friedmann equations in Einstein gravity.
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1 Introduction
In recent years, there has been an enormous amount of research into two important
areas of theoretical physics: braneworld cosmology and the holographic principle. The
braneworld scenario gained momentum as a solution to the hierarchy problem [1, 2,
3, 4], although the single brane model of Randall and Sundrum provided us with an
interesting alternative to compactification [5]. The holographic principle, meanwhile,
was first realised in string theory via the AdS/CFT correspondence [6, 7, 8].
At first glance, braneworld physics and holography are two very distinct subjects.
However, it was soon realised that this is not the case [9, 10, 11], and so began the
study of braneworld holography (see for example [12, 13, 14], or [15] for a review).
The essence of braneworld holography can be captured in the following claim:
Randall-Sundrum braneworld gravity is dual to a CFT with a UV cutoff, coupled to
gravity on the brane. Formal evidence for this claim was provided by studying a brane
universe in the background of the Schwarzschild-AdS black hole. The introduction of
the black hole on the gravity side of the AdS/CFT correspondence corresponds to con-
sidering finite temperature states in the dual CFT [16]. In the context of braneworld
holography, Savonije and Verlinde demonstrated that their induced braneworld cos-
mology could alternatively be described as the standard FRW cosmology driven by
the energy density of this dual CFT [17, 13].
In this article we develop this notion of braneworld holography to include a broader
class of bulk gravitational theories – namely we add the Gauss-Bonnet term to the
standard Einstein-Hilbert action giving
S =
1
16piGn
∫
M
dnx
√−g{R− 2Λn + αLGB}, (1)
where
LGB = R2 − 4RabRab +RabcdRabcd. (2)
In n = 4 dimensions, the Gauss-Bonnet term is a topological invariant that does not
enter the dynamics, but in n = 5 or 6, the equations of motion derived from this
action include the Lovelock tensor [18]. With the inclusion of this tensor, these are
then the most general equations of motion which satisfy the same principles required
for the construction of the Einstein-Hilbert action in n = 4.
It is therefore natural to want to consider the Gauss-Bonnet gravity in higher di-
mensions from a purely classical point of view, for generic values of the Gauss-Bonnet
parameter, α. However, for small values of α, the study of Gauss-Bonnet gravity
can be motivated by string theory. Curvature squared terms appear as the leading
order stringy correction to Einstein gravity in the α′ expansion of the heterotic string
action [19, 20]. Furthermore, for this theory of gravity to be ghost-free, the curvature
squared terms must appear in the Gauss-Bonnet combination [21, 22, 23]. In the
AdS/CFT correspondence, the introduction of such higher order terms corresponds
to next to leading order corrections in the 1/N expansion of the CFT [24, 25, 26].
The importance of Gauss-Bonnet gravity in the framework of braneworld holography
is thus self-evident. Previous studies of branes in higher derivative theories of gravity
2
suggest that no holographic description can be found [27, 28, 29, 30]. However, we
demonstrate that a holographic description does exist in Gauss-Bonnet gravity, at
least for critical branes, close to the boundary of AdS. This should come as no sur-
prise. When the brane is close to the AdS boundary the UV cutoff in the dual CFT is
not too significant, and one can justifiably appeal to the AdS/CFT correspondence.
In Einstein gravity, we were able to relax the constraint on the position of the
brane [31]. By calculating the bulk energy exactly via a Hamiltonian method, a
larger equivalence was observed. When one reinterprets the black hole’s contribution
to the braneworld cosmology as energy density due to the field theory, nonlinear terms
in the energy density and pressure are found in the FRW equations. These exactly
reproduce those of the unconventional cosmology [32, 33] described by a matterfilled
brane in a pure AdS bulk. We coin the phrase “exact holography” to describe this
equivalence.
The machinery to investigate exact holography in the Gauss-Bonnet scenario has
recently become available [34]. Using this, we are able to show that in contrast to
Einstein gravity, a holographic description can only be found for flat branes near
the AdS boundary. This has two important implications regarding the existence
and behaviour of the Cardy-Verlinde formula for the dual field theory. Firstly, in
the limit of a valid holographic description, it turns out that we can indeed cast
the thermodynamic properties of the dual CFT into a Cardy-Verlinde like formula,
provided we make consistent approximations. This is in contrast to previous studies
which suggest that no Cardy-Verlinde formula can be found [35, 36]. Having found
this formula, we are able to study its behaviour at the point that the brane crosses
the black hole horizon. In Einstein gravity, we find that we reproduce the Friedmann
equation! This does not happen in Gauss-Bonnet gravity. The difference helps us to
understand what is special about the Einstein case. We believe that the remarkable
correspondence between the Friedmann equation and the Cardy-Verlinde formula in
Einstein gravity is related to the existence of exact holography.
The rest of this paper is organised as follows: In section 2, we describe the Gauss-
Bonnet braneworld scenario and review the derivation of the Friedmann equations
in this case. In section 3, we consider a brane moving in a pure (Gauss-Bonnet)
AdS bulk, with additional matter on the brane. This enables us to establish the
fine tuning condition for vanishing braneworld cosmological constant, and to derive
the connection between the bulk and braneworld Newton constants. In section 4, we
demonstrate that a holographic description exists for a flat brane moving near the
boundary of a Gauss-Bonnet AdS black hole bulk. The cosmology is well described as
being the standard cosmology driven by a dual CFT. In section 5, we show that there is
no exact holography in Gauss-Bonnet gravity. In section 6, we derive a Cardy-Verlinde
formula for the case where the holographic description is valid. We comment that this
doesn’t make sense at the horizon, and gain insight into the remarkable properties
of the Cardy-Verlinde formula in Einstein gravity. Finally, section 7 contains some
concluding remarks.
3
2 Equations of motion
Consider an (n−1)-dimensional brane moving in an n-dimensional bulk, where n ≥ 5.
The bulk is a solution to Gauss-Bonnet gravity with a negative (bare) cosmological
constant, Λn. It is given by two spacetimes, M1 and M2, with boundaries ∂M1
and ∂M2 respectively. The brane can be thought of as a domain wall between the
two spacetimes, so that it coincides with ∂M1 and ∂M2. For simplicity, we will
assume that we have Z2 symmetry across the brane. This scenario is described by
the following action,
S = Sgrav + Sbrane, (3)
where
Sgrav =
1
16piGn
∫
M1+M2
dnx
√−g{R− 2Λn + αLGB}
+
∫
∂M1+∂M2
boundary terms, (4)
Sbrane =
∫
brane
dn−1x
√
−hLbrane. (5)
The boundary integrals in Sgrav are required for a well defined action principle [37]
(see also [38]). We denote the bulk metric and the brane metric by gab and hab
respectively. Lbrane describes the matter content on the brane.
2.1 The bulk
For the action (3), the bulk equations of motion are given by
Rab− 1
2
Rgab = −Λngab +α
{1
2
LGB gab− 2RRab +4RacRbc+4RacbdRcd− 2RacdeRbcde
}
(6)
Given the complexity of these equations, it is surprising that they admit the following
family of simple static black hole solutions [39, 40] (see also [41, 42]):
ds2n = −hBH(a)dt2 +
da2
hBH(a)
+ a2dΩ2n−2, (7)
where dΩ2n−2 is the metric on a unit (n− 2)-sphere, and
hBH(a) = 1 +
a2
2α˜
(1− ξ(a)) for ξ(a) =
√
1− 4α˜kn2 + 4α˜µ
an−1
. (8)
By Z2 symmetry across the brane we have two identical black holes, one each living
on either side of the brane. µ ≥ 0 is the constant of integration which determines the
mass of each of these black holes [43, 44, 45, 34],
M =
(n− 2)Ωn−2µ
16piGn
, (9)
4
where Ωn−2 is the volume of a unit (n− 2)-sphere. kn and α˜ are related to the bulk
cosmological constant and the Gauss-Bonnet parameter as follows,
Λn = −1
2
(n− 1)(n− 2)kn2, α˜ = (n− 3)(n− 4)α (10)
Since we could consider associating α with the slope parameter (i.e. α′) of het-
erotic string theory, from now on we will assume that α ≥ 0. Furthermore, for the
metric to be real, we also have the condition
4α˜kn
2 ≤ 1. (11)
These Gauss-Bonnet black hole solutions are asymptotically maximally symmetric
and, in the limit α → 0, they reduce to the standard AdS black hole metric of
Einstein gravity.
2.2 The brane
We now consider the dynamics of the brane, moving in the static black hole bulk. The
brane is given by the section (t(τ), a(τ),xµ) of the bulk metric, where the parameter
τ corresponds to the proper time of an observer comoving with the brane. This gives
the condition
−hBH(a)t˙2 + a˙
2
hBH(a)
= −1, (12)
where overdot corresponds to differentiation with respect to τ . The induced metric
is that of a FRW universe,
ds2n−1 = −dτ 2 + a(τ)2dΩ2n−2, (13)
with Hubble parameter H = a˙/a. The equations of motion for the brane are deter-
mined by the junction conditions for a braneworld in Gauss-Bonnet gravity [46, 38].
Given that we have Z2 symmetry across the brane, these take the form
2(Kab −Khab) + 4α(Qab − 1
3
Qhab) = −8piGnSab, (14)
where the energy momentum tensor on the brane is
Sab = − 2√
h
δSbrane
δhab
, (15)
and
Qab = 2KKacKb
c − 2KacKcdKdb +Kab(KcdKcd −K2)
+2KRab +RKab − 2KcdRcadb − 4RacKbc. (16)
For a brane with unit normal, na, the extrinsic curvature of the brane is given by
Kab = h
c
ah
d
b∇(cnd). Rabcd is the Riemann tensor on the brane, constructed from the
induced metric hab.
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Since the brane is homogeneous and isotropic, its energy momentum tensor is
given in terms of its energy density, ρbrane, and pressure, pbrane, as follows,
Sab = (ρbrane + pbrane)τaτb + pbranehab, (17)
where τa = (t˙(τ), a˙(τ), 0) is the velocity of a comoving observer. Given that the unit
normal is na = (−a˙(τ), t˙(τ), 0), we can evaluate the ττ component of (14) to give(
1 +
4α˜a˙2
3a2
+
2α˜
a2
)
hBHt˙
a
− 2α˜ [hBH]
2 t˙
3a3
=
4piGn
(n− 2)ρbrane. (18)
If we square this equation, and use the condition (12), we obtain the following equation
for the Hubble parameter1, H ,[
H2 +
hBH
a2
] [
4α˜
3
H2 + 1 +
2α˜
a2
(
1− 1
3
hBH
)]2
=
(
4piGn
n− 2
)2
ρ2brane. (19)
This is a cubic equation for H2, with one real solution. We can extract this solution
to write down the Friedmann equation for our braneworld, in its standard explicit
form. To simplify the appearance of the equation we make the following definitions,
λ = 3
√
α˜
(
4piGn
n− 2
)
ρbrane, (20)
ζ±(a) =
(√
λ2 + ξ(a)3 ± λ
) 1
3
. (21)
The Friedmann equation now reads
H2 = − 1
a2
+
ζ+
2(a) + ζ−
2(a)− 2
4α˜
. (22)
If we expand this equation in α˜, then to lowest (zeroth) order, we recover the Fried-
mann equation for a brane in Einstein gravity [32, 33], as indeed we should,
H2 =
(
4piGn
n− 2
)2
ρ2brane − k2n −
1
a2
+
µ
an−1
. (23)
3 Brane moving in an AdS background
We now consider the case where the bulk spacetime is pure AdS space. This corre-
sponds to the case µ = 0 in our bulk metric (7). In other words, the bulk metric is
now given by
ds2n = −hAdS(a)dt2 +
da2
hAdS(a)
+ a2dΩ2n−2, (24)
1For the original derivation of this equation, see [42]. Alternative forms of the Friedmann equation
for a braneworld in the Gauss-Bonnet bulk were derived in [47, 27, 48, 49].
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where
hAdS(a) = 1 + k
2
effa
2. (25)
The effective cosmological constant is given by Λeff = −12(n−1)(n−2)k2eff. This differs
from the bare cosmological constant, Λn, because of the Gauss-Bonnet correction,
k2eff =
1− β
2α˜
where β =
√
1− 4α˜kn2. (26)
We now assume that the energy-momentum of the brane splits into a contribution
from the brane tension, σ, and a contribution from additional matter fields. We write
ρbrane = ρ+ σ, pbrane = p− σ, (27)
where ρ and p are the energy density and pressure respectively, of the additional
matter fields. If we define
σ˜ = 3
√
α˜
(
4piGn
n− 2
)
σ, (28)
and
ζ∗± =
(√
σ˜2 + β3 ± σ˜
) 1
3
, (29)
then we can expand the Friedmann equation (22) about ρ = 0,
H2 = A− 1
a2
+
2piGn(ζ
∗
+
2 − ζ∗−2)
(n− 2)√α˜
√
σ˜2 + β2
ρ+O(ρ2), (30)
where
A = ζ
∗
+
2 + ζ∗−
2 − 2
4α˜
. (31)
For ρ≪ σ, this looks like the Friedmann equation for the standard cosmology of an
(n− 1)-dimensional κ = 1 universe,
H2 = A− 1
a2
+
16piGn−1
(n− 2)(n− 3)ρ, (32)
where the cosmological constant Λn−1 =
1
2
(n− 2)(n− 3)A.
Let us restrict our attention to critical branes with vanishing cosmological con-
stant, A = 0. This requires us to fine tune the brane tension in the following way,
σ˜ = (2 + β)
√
1− β
2
. (33)
In this case, the coefficient multiplying ρ in the Friedmann equation can be simplified
dramatically, so that we now have
H2 = − 1
a2
+
8piGnkeff
(n− 2)(2− β) ρ+O(ρ
2). (34)
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For ρ ≪ σ, we can compare this with equation (32) to find an expression for the
Newton’s constant on the brane,
Gn−1 =
(n− 3)Gnkeff
2(2− β) . (35)
For the five dimensional bulk, this agrees with the expression derived in [50] (see
also [51]). Furthermore, for the case of general n, it agrees with the standard relation
for critical branes in the α→ 0 limit [52].
4 Braneworld holography
We will now consider the case where µ > 0, that is, when the brane is moving in a
Gauss-Bonnet black hole bulk. We will assume that there is no additional matter on
the brane, so that its energy-momentum only contains brane tension,
ρbrane = σ, pbrane = −σ. (36)
For Einstein gravity (α = 0), it has been shown that when the brane is near the AdS
boundary, we can think of its dynamics as being described by a radiation dominated
FRW universe. This radiation is given by a strongly coupled CFT with an AdS dual
description [13].
It is natural to ask if these ideas can be extended to branes moving in a Gauss-
Bonnet bulk, with α ∼ k−2n . In this section, we will demonstrate that, for critical
branes (A = 0) near the AdS boundary, they can.
We begin by clarifying what we mean by “near the AdS boundary”. We mean
that the brane position is given by a(τ) ≫ aH , where aH is the radius of the black
hole horizon (hBH(aH) = 0). However, for critical branes (A = 0) and anti-de Sitter
branes (A < 0), the trajectory will have a maximum value of a. In order to have
a ≫ aH , we require that aH ≫
√
α. In fact, a discussion of anti-de Sitter branes
cannot be included as the large a limit also requires |A| ≪ α−1 when A < 0 (see
appendix A).
For a≫ aH , the Friedmann equation (22) can be approximated2 by
H2 = A− 1
a2
+
[
ζ∗+ + ζ
∗
−
2
√
σ˜2 + β3
]
µ
an−1
. (37)
As in section 3, we restrict attention to critical branes. The fine-tuning of the brane
tension (33) simplifies the coefficient of µ, so that our Friedmann equation becomes
H2 = − 1
a2
+
µ
(2− β)an−1 . (38)
2We are assuming 1 > 4α˜k2
n
, although the argument presented in this section can be modified to
include 1 = 4α˜k2
n
.
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Our main interest lies in the contribution from the black hole masses. As in Einstein
gravity, we will show that this contribution can be thought of as coming from the
energy density of a dual CFT – we will now calculate this energy density.
The energy of the bulk is given by the sum of the black hole masses, Ebulk = 2M .
This energy is measured with respect to the bulk time coordinate, t, whereas an
observer on the brane measures energy with respect to the brane time coordinate, τ .
To arrive at the energy of the CFT, we therefore need to scale the bulk energy by t˙,
ECFT = Ebulkt˙.
This redshift factor can be found using equation (18). Given that we are near the
AdS boundary we find that
t˙ ≈ 2
√
α˜σ˜
(1− β)(2 + β)a. (39)
We now impose the fine tuning condition (33), to give
t˙ ≈ 1
keffa
. (40)
The CFT energy is therefore given by
ECFT = 2Mt˙ ≈ (n− 2)Ωn−2µ
8piGnkeffa
. (41)
To calculate the energy density, we need to divide by the spatial volume of the CFT,
VCFT = Ωn−2a
n−2. (42)
Finally we arrive at the following expression for the energy density of the dual CFT,
ρCFT =
(n− 2)µ
8piGnkeffan−1
. (43)
We now rewrite the Friedmann equation (38) in terms of this energy density.
H2 = − 1
a2
+
8piGnkeff
(n− 2)(2− β) ρCFT . (44)
Using the relation between the braneworld and bulk Newton’s constants (35), the
Friedmann equation becomes,
H2 = − 1
a2
+
16piGn−1
(n− 2)(n− 3) ρCFT . (45)
This is just the Friedmann equation for the standard cosmology in (n − 1) dimen-
sions. The cosmology is driven by a strongly coupled CFT, which is dual to the AdS
black hole bulk. For critical branes near the AdS boundary, we conclude that there
is a holographic description even when the bulk gravity includes a Gauss-Bonnet
correction.
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We should also note that we can use the thermodynamic relation, p = −∂E/∂V ,
to derive the CFT pressure from the energy density. The equation of state corresponds
to that of radiation,
pCFT =
ρCFT
n− 2 . (46)
If we differentiate the Friedmann equation (38) with respect to τ , then the resulting
equation,
H˙ =
1
a2
− (n− 1)µ
2(2− β)an−1 , (47)
can be written as the second of the FRW equations of the standard cosmology,
H˙ =
1
a2
− 8piGn−1
(n− 3) (ρCFT + pCFT ) . (48)
5 Exact holography?
The AdS/CFT correspondence relates gravity on n-dimensional AdS space to a CFT
on (n− 1)-dimensional Minkowski space. In braneworld holography, the field theory
on the brane is cutoff in the UV. This cutoff vanishes as the brane approaches the
boundary of AdS so that the field theory becomes conformal. Only at this point can we
confidently appeal to the AdS/CFT correspondence. Although it is natural to expect
a holographic description for critical branes near the AdS boundary there is no reason
to expect more. However, in Einstein gravity, it has been shown that a holographic
description exists for non-critical branes [14]. Perhaps even more surprisingly, there
is a form of exact holography in Einstein gravity [31]. This is where the condition
that the brane should be near the AdS boundary is relaxed. In this section we ask
whether or not the same generalisations can be made in Gauss-Bonnet gravity.
5.1 Exact holography in Einstein gravity
We start by reviewing precisely what we mean by exact holography in Einstein gravity.
Consider a brane moving in pure AdS space, with
hAdS(a) = k
2
na
2 + 1. (49)
As in section 3, we assume that the energy-momentum of the brane is made up
of tension, σ, and additional matter with energy density, ρ, and pressure, p. The
Friedmann equation is [32, 33]
H2 = A− 1
a2
+
16piGn−1
(n− 2)(n− 3)ρ
[
1 +
ρ
2σ
]
. (50)
This takes the form of the (n− 1)-dimensional standard cosmology when ρ≪ σ.
Now consider a brane with no additional matter, moving in an AdS black hole
bulk, with
hBH(a) = k
2
na
2 + 1− µ
an−3
. (51)
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In this case the Friedmann equation is given by
H2 = A− 1
a2
+
µ
an−1
. (52)
In [31], we showed how we can calculate exactly the energy density, ρFT, measured
by an observer on the brane – this can be done without assuming that the brane is
near the AdS boundary. ρFT is given in terms of µ, so we can rewrite the Friedmann
equation (52) to give
H2 = A− 1
a2
+
16piGn−1
(n− 2)(n− 3)ρFT
[
1 +
ρFT
2σ
]
. (53)
This takes exactly the same form as the Friedmann equation (50) for the brane moving
in pure AdS space with additional matter on the brane. We can therefore think of
ρFT as being the energy density of a field theory living on the brane. This field
theory is dual to the AdS black hole bulk, although it is no longer conformal. We
think of the dual field theory on the brane as being cut off in the ultra violet – this
cutoff disappears as we go closer and closer to the AdS boundary, and we approach
a conformal field theory. In this case, we are not assuming that the brane is near the
boundary, so the cutoff can be significant.
5.2 Exact holography in Gauss-Bonnet gravity?
We shall now investigate whether or not exact holography exists when the bulk is a
Gauss-Bonnet black hole. Our result relies on the expression for the Gauss-Bonnet
Hamiltonian found in [34]. We will find it convenient to rederive the Friedmann
equation from the action given in that paper.
Consider the timelike vector field defined on the brane,
τa = (t˙, a˙, 0). (54)
This maps the brane onto itself and satisfies τa∇aτ = 1. In principle we can extend
the definition of τ into the bulk, stating only that it approaches the form given by
equation (54) as it nears the brane. Now introduce a family of spacelike surfaces, {Στ},
each labelled by the parameter τ , so that we have a foliation of the bulk spacetime.
These surfaces should meet the boundary/brane orthogonally. We decompose τa into
the lapse function and shift vector,
τa = Nra +Na, (55)
where ra is the unit normal to Στ .
We can now write the bulk metric in ADM form
ds2n = gabdx
adxb = −N2dτ 2 + γab(dxa +Nadτ)(dxb +N bdτ), (56)
where γab is the induced metric on Στ .
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If Sτ is the intersection of the brane and Στ , then the family of surfaces {Sτ} is a
foliation of the brane. In the same way as for the bulk, we can write the brane metric
in ADM form,
ds2n−1 = habdx
adxb = −N2dτ 2 + λab(dxa +Nadτ)(dxb +N bdτ), (57)
where λab is the induced metric on Sτ .
Now, from [34], we can write the action as
S = Sgrav + Sbrane, (58)
in which
Sgrav =
1
8piGn
∫
dt
{∫
Σt
dn−1x
(
piabγ˙ab −NH−NaHa
)− ∫
St
dn−2x
√
λ (NJ +NaJa)
}
,
(59)
where piab is the momentum conjugate to γab, and H and Ha are the Hamiltonian and
momentum constraints respectively. We have an overall factor of 2 by Z2 symmetry
across the brane.
The ττ component of the junction conditions at the brane gives rise to the Fried-
mann equation. This is obtained by varying the brane part of the action with respect
to the brane metric. For the ττ component this amounts to variation with respect to
N , which gives
J +N
(
δJ
δN
)
+Na
(
δJa
δN
)
=
8piGn√
λ
δSbrane
δN
. (60)
The energy-momentum tensor on the brane is given by
Sab =
2√
h
δSbrane
δhab
. (61)
Furthermore, since hττ = −N2 and
√
h = N
√
λ, we find that
δSbrane
δN
= −N2
√
λSττ , (62)
so that the Friedmann equation now reads
J +N
(
δJ
δN
)
+Na
(
δJa
δN
)
= −8piGnN2Sττ . (63)
Note that we have a homogeneous isotropic brane,
ds2n−1 = −dτ 2 + a2dΩ2n−2, (64)
moving in a static bulk,
ds2n = −h(a)dt2 +
da2
h(a)
+ a2dΩ2n−2. (65)
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Now, on the brane, τa is in fact the unit normal to St. This means that N = 1 and
Na = 0 on the brane, although this need not be the case in the bulk. We also have
Sττ = ρbrane. Putting all this information back into the Friedmann equation, we now
have
J + J ′ = −8piGnρbrane, where J ′ = δJ
δN
. (66)
Now consider two different scenarios: (i) a bulk AdS black hole, with the brane
matter made up of tension only, and (ii) a pure AdS bulk, with the brane matter made
up of tension, and some additional matter such as radiation. For case (i), we have
h(a) = hBH(a) and ρbrane = σ, where σ is the brane tension.. For case (ii), we have
h(a) = hAdS(a) with ρbrane = σ + ρ, where ρ is the energy density of the additional
matter. From a holographic point of view, we would expect these two cases to be
equivalent if the energy density, ρ, corresponds to that of a field theory dual to the
bulk black hole gravity.
Let us begin by considering the case with the bulk black hole. The Friedmann
equation reads
JBH + J ′BH = −8piGnσ. (67)
In order to see if we have a holographic description in the way we have just described,
we need to calculate the energy density of the bulk, as measured by an observer on
the brane – in other words, we want to calculate the energy density of the bulk using
τ as our time coordinate. This is done by evaluating the Hamiltonian with a suitable
choice of background. We choose the background, M¯, to be pure AdS space (with
the same effective cosmological constant as the black hole spacetime),
ds2AdS = −hAdS(a)dT 2 +
da2
hAdS(a)
+ a2dΩ2n−2, (68)
cut off at a surface, ∂M¯, given by
T = T (τ), a = a(τ) where − hAdS(a)T˙ 2 + a˙
2
hAdS(a)
= −1. (69)
This ensures that the geometry on ∂M¯ is the same as that on the brane.
Given that N = 1 and Na = 0 on the brane, we evaluate the Hamiltonian to
derive the energy of the bulk measured with respect to τ ,
E = 1
8piGn
∫
Sτ
dn−2x
√
λ (JBH − JAdS) , (70)
where we have a factor of two because there are two copies of the bulk. To get the
energy density we need to divide by the spatial volume of the brane,
V =
∫
Sτ
dn−2x
√
λ. (71)
We thus see that
ρ =
E
V
=
1
8piGn
(JBH −JAdS). (72)
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If we substitute this back into the Friedmann equation (67), we obtain
JAdS + J ′AdS + (J ′BH −J ′AdS) = −8piGn(σ + ρ). (73)
It is clear that for the holographic description to be valid, we need to ignore the
contribution from (J ′BH − J ′AdS). This is achieved if we satisfy the condition
|J | ≫ |J ′|. (74)
For Gauss-Bonnet gravity, we have [34]
J = 2K + 12αδ[laδmb δn]c Kal
[
R̂bcmn − 2HbmHcn −
2
3
KbmK
c
n
]
, (75)
where R̂bcmn is the Riemann tensor on Sτ , K
a
b is the extrinsic curvature of Sτ in Στ
and Hab is the extrinsic curvature of Sτ in the brane. To evaluate J ′, we need to vary
equation (75) with respect to N . However, the only term that depends on N is Hab ,
which is proportional to 1/N . Therefore,
J ′ = 48
N
αδ[laδ
m
b δ
n]
c K
a
l H
b
mH
c
n. (76)
We see immediately that when α = 0, then J ′ = 0, and the condition (74) holds for
all values of a(τ). This is why we have an exact holographic description for Einstein
gravity. This is surprising because we would expect the AdS/CFT description to only
be valid when the brane is near the AdS boundary where the cutoff to the dual CFT
is insignificant.
What happens when we consider Gauss-Bonnet gravity explicitly, and α ∼ k−2n ?
To evaluate J and J ′, we need the following,
R̂bcmn =
1
a2
(
δbmδ
c
n − δcmδbn
)
, Hab = −Hλab, Kab =
√
h(a)
a2
+H2 λab, (77)
where H is the Hubble parameter, and h(a) is hBH(a) or hAdS(a), depending on
whether we are working with the BH or AdS spacetime. We shall leave h(a) general
in what follows.
Given the equations stated in (77), we find that
J = 2(n− 2)
√
H2 +
h(a)
a2
{
1 + 2α˜
[
1
a2
− 4
3
H2 − 1
3
h(a)
a2
]}
, (78)
J ′ = 8(n− 2)α˜
√
H2 +
h(a)
a2
H2, (79)
where α˜ = (n − 3)(n − 4)α, as adopted in (10). For α ∼ k−2n , the condition (74)
amounts to,
α−1 ≫ H2. (80)
We are now ready to ask if we can have exact holography like we did for Einstein
gravity. For a ∼ √α, it is clear that both sides of (80) are of order α−1, and the
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condition (74) does not hold. There is no exact holography in Gauss-Bonnet gravity.
This is not really surprising – the fact that we found exact holography for Einstein
gravity was remarkable. As we suggested earlier, via the AdS/CFT motivation for
braneworld holography, we would only really expect to find a holographic description
for critical branes near the AdS boundary.
Given that we know that the condition (74) doesn’t hold for general values of a, we
now ask what happens when a is large. Recall that we must immediately eliminate
the possibility of anti-de Sitter branes (A < 0). For critical branes and de Sitter
branes, H2 ∼ A for large a, so the condition (74) only holds if we have
α−1 ≫ A. (81)
This suggests that we would only find a holographic description for critical branes
satisfying A = 0. Unlike in Einstein gravity, there will be no extension to non-critical
branes.
To sum up, we have found a condition that determines when a holographic de-
scription will be valid for a brane moving in a black hole bulk. This condition is
satisfied for Einstein gravity, regardless of the brane’s position, or the value of the
braneworld cosmological constant. For Gauss-Bonnet gravity, the condition is far
more restrictive. It only holds for critical branes close to the AdS boundary. We
conclude that the holographic description shown in the last section is the only one
you can find for branes in Gauss-Bonnet gravity.
6 Cardy-Verlinde formulæ
The Cardy-Verlinde formula [17] for a CFT is the generalisation to arbitrary dimen-
sions of the well known Cardy formula [53] for 1+1-dimensional CFTs. It relates the
entropy, S, of the CFT, to its energy, E, and Casimir energy, Ec. The Casimir energy
can be thought of as providing the non-extensive part of the formula. In this paper,
we will discuss the local version of the Cardy-Verlinde formula for a CFT living on
an FRW brane.
We begin with the thermodynamic relation
dE = T dS − p dV, (82)
where T , p and V are the temperature, pressure and volume of the CFT respectively.
If we introduce the following densities,
s =
S
V
, ρ =
E
V
, (83)
we can use the fact that V ∼ an−2 to rewrite the thermodynamic relation in the
following form,
dρ = Tds+ γd
(
1
a2
)
, (84)
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where
γ =
(n− 2)a2
2
(ρ+ p− Ts). (85)
We can think of γ as describing the variation of ρ with respect to the spatial curvature,
1/a2. If the entropy and energy were purely extensive, γ would vanish. γ will therefore
give the non-extensive part of the local Cardy-Verlinde formula.
In section 3, we showed that for a critical brane near the AdS boundary, the
dynamics is driven by a CFT that is dual to the Gauss-Bonnet AdS black hole bulk.
Eventually we will state the Cardy-Verlinde formula for this CFT. However, first we
will review the form of the Cardy-Verlinde formula for a CFT that is dual to an AdS
black hole bulk in Einstein gravity.
6.1 Cardy-Verlinde formulæ for CFTs with AdS duals in
Einstein gravity
Now consider a critical brane moving in a black hole bulk, in Einstein gravity[13].
When it is near the AdS boundary, the CFT on the brane obeys the following Cardy-
Verlinde formula,
s2 =
(
4pi
n− 2
)2
γ
(
ρ− γ
a2
)
. (86)
A remarkable connection between this formula, and the Friedmann equation was
noted in [13]. At the point that the brane crosses the horizon, the entropy density is
given by the Hubble entropy,
s =
(n− 3)H
4Gn−1
, (87)
and γ = (n− 2)(n− 3)/16piGn−1. The Cardy-Verlinde formula now reads
H2 = − 1
a2
+
16piGn−1
(n− 2)(n− 3)ρ. (88)
This is precisely the Friedmann equation for the standard cosmology!
However, we should be cautious. Contrary to the claim made in [13], the formula
(86) is only valid when k−1n ≪ aH ≪ a. This must be the case because the dual field
theory ceases to be conformal for smaller values of a. We would therefore expect the
structure of the formula to change, and an extra scale to be introduced, reflecting the
fact that conformal invariance has been broken.
Since the holographic description exists in Einstein gravity for all values of a, it
was possible to find a more exact version of this formula [31],
s2 =
(
4pi
n− 2
)2
γ
(
1 +
ρ
σ
) [
ρ
(
1 +
ρ
2σ
)
− γ
a2
(
1 +
ρ
σ
)]
. (89)
The brane tension, σ now appears as the new scale in the formula. For ρ ≪ σ, this
formula reduces to its conformal version (86).
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It is interesting to evaluate this formula at the point that the brane crosses the
horizon. Once again, the entropy density is given by the Hubble entropy, but this
time we have a more precise formula for γ. It is given by [31]
γ
(
1 +
ρ
σ
)
=
(n− 2)(n− 3)
16piGn−1
. (90)
The generalised Cardy-Verlinde formula (89) now coincides with the exact braneworld
Friedmann equation (50).
6.2 Cardy-Verlinde formulæ for CFTs with AdS duals in
Gauss-Bonnet gravity
Now consider the case of the critical brane moving in a Gauss-Bonnet black hole
bulk. For the brane near the AdS boundary we have a holographic description, but
not otherwise. We shall now derive the Cardy-Verlinde formula for the CFT on the
brane, when the holographic description holds.
The entropy of the CFT is just given by the total entropy of the two Gauss-Bonnet
black holes [40] (see also [54, 55]),
S = 2.
Ωn−2a
n−2
H
4Gn
[
1 + 2
(
n− 2
n− 4
)
α˜
a2H
]
. (91)
Note that the Gauss-Bonnet black hole entropy does not obey the area law which
exists in Einstein gravity. The temperature of the CFT is given by the temperature
of the black hole, TBH, with the appropriate redshift factor, t˙ ≈ 1/keffa,
T =
TBH
keffa
, where TBH =
hBH
′(aH)
4pi
. (92)
In section 4, we found the energy density and pressure of the CFT (equations (43)
and (46) respectively). In principle we can now calculate γ, and attempt to construct
a Cardy-Verlinde formula in the form of equation (86). However, as noted in [36] this
will be impossible if one attempts to include all the Gauss-Bonnet corrections.
Before we lose hope, it is important to take stock of what we are actually trying to
do. We are trying to find a Cardy-Verlinde formula for a CFT that is dual to a Gauss-
Bonnet AdS bulk. It only makes sense to think of this CFT when the holographic
description is valid, that is when
√
α ≪ aH ≪ a. It is therefore inappropriate to
include the α˜/a2H correction in the entropy formula (91). In the holographic limit we
can make the following consistent approximations:
s =
1
2Gn
(aH
a
)n−2 [
1 +O
(
α˜
a2H
)]
(93)
ρ =
n− 2
8piGnα˜keff
(aH
a
)n−1 [
α˜k2n +O
(
α˜
a2H
)]
(94)
γ =
n− 2
8piGnkeff
(aH
a
)n−3 [
χ+O
(
α˜
a2H
)]
(95)
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where χ = 1 − 2 (n−1
n−4
)
α˜k2n. We can now cast these quantities into a Cardy-Verlinde
formula:
s2 =
1
χ
(
keff
kn
)2(
4pi
n− 2
)2
γ
[
ρ− γ
a2
](
1 +O
(
α˜
a2H
))
, (96)
Note that this formula agrees with (86) in the limit α→ 0.
We can now ask whether this formula bears any resemblance to the Friedmann
equation at the point that the brane crosses the black hole horizon – the answer
is no. However, it doesn’t make sense to evaluate this formula at a = aH , as it is
only valid for a ≫ aH . In Einstein gravity, this was also the case, but the Cardy-
Verlinde formula (86) evaluated at the horizon, still gave the Friedmann equation of
the standard cosmology. We believe we now understand why this was the case.
From a holographic perspective, we need to ask what is the difference between an
Einstein bulk and a Gauss-Bonnet bulk. The difference lies in the existence of exact
holography for Einstein gravity but not for Gauss-Bonnet gravity. This means we
cannot say anything sensible about the CFT at the time the brane crosses the horizon
for the Gauss-Bonnet bulk. For the Einstein bulk, we can happily trust the exact
holographic description and use the generalised version of the Cardy-Verlinde formula
(89) at a = aH . This formula agrees with the braneworld Friedmann equation at each
order of ρ. Since the braneworld Friedmann equation and the standard Friedmann
equation agree up to order ρ, it is clear what is happening when we evaluate the
approximate formula (86) at the horizon. We are just seeing the agreement of (89)
with the braneworld Friedmann equation, up to order ρ. However, we should note
that the ρ2 corrections are not small at the horizon.
In Gauss-Bonnet gravity there is no exact holography, and therefore no correct
way to describe the physics of a dual field theory at the time the brane crosses the
black hole horizon. The Cardy-Verlinde formula (96) will only be valid near the
boundary of AdS.
7 Discussion
In this paper we have attempted to extend the ideas of braneworld holography in Ein-
stein gravity, to Gauss-Bonnet gravity. We have found that there exists a holographic
description of a critical brane moving in a Gauss-Bonnet AdS black hole bulk, but
only when it is close to the boundary. This is in contrast to Einstein gravity, when
a holographic description can be found even when the brane is not near the AdS
boundary. This has important implications when one considers the Cardy-Verlinde
formulæ for the dual field theories on the brane. It was previously thought that one
could not cast the thermodynamic quantities for the CFT dual to a Gauss-Bonnet
AdS bulk into a Cardy-Verlinde like formula. However, by making approximations
consistent with the limit in which the holographic description is valid, it turns out
that one can.
Finding a Cardy-Verlinde formula for the CFT with the Gauss-Bonnet AdS dual
enabled us to compare its properties with its analogue in Einstein gravity. In partic-
ular, if we evaluate the Cardy-Verlinde formula for Einstein gravity at the point at
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which the brane crosses the black hole horizon, it gives us the Friedmann equation.
This relationship between the Cardy-Verlinde formula and the Friedmann equation
has been somewhat of a mystery, although our study of Gauss-Bonnet braneworld
holography has enabled us to shed some light on the problem. We found that the
relationship does not exist for Gauss-Bonnet gravity. We believe that this is because
there is no exact holography for Gauss-Bonnet gravity, and hence we cannot make
sense of the CFT physics at the time the brane crosses the horizon – this is explained
in detail in section 6.
We would like to finish off by commenting on earlier studies of Gauss-Bonnet
braneworld holography [27, 28, 29, 30]. From these, one draws negative conclusions
about the existence of a holographic description. However, these studies all use an
alternative Friedmann equation, derived in [56, 27]. The difference occurs because
they have different boundary terms in the Gauss-Bonnet action [57, 58]. In this paper,
we have used the boundary terms derived by Myers [37]. It is encouraging that we
have succeeded in gaining some positive results using this method. The study of
braneworld cosmology using the Friedmann equations discussed in this article has
recently begun [59, 60]. It would be an interesting avenue of research to investigate the
possible connections between the existence of a holographic description of braneworld
cosmology, and the nature of the alternative boundary terms employed in the study
of braneworld cosmology in a Gauss-Bonnet bulk. In particular, the treatment of the
brane as a thin wall in the bulk spacetime is not a trivial matter in the Gauss-Bonnet
braneworld model [61]. Before one takes a thin wall limit to approach the standard
Randall-Sundrum braneworld model, the thick wall in these models has an internal
structure – it remains an open question as to whether the nature of this internal
structure affects the existence of a holographic description of braneworld cosmology.
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A Requirements for large a limit
In this section, we will justify some of the claims made in section 4 regarding the
limit a≫ aH .
Note that the condition h(aH) = 0 implies that
α˜µ = Aan−1H (97)
where
A = α˜k2n +
α˜
a2H
+
(
α˜
a2H
)2
(98)
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is of order one.
If we assume that aH ≪ a, we see that 4α˜µ/an−1 ≪ 1, so that the Friedmann
equation takes the form given in equation (37):
H2 = A− 1
a2
+
B
A
µ
an−1
(99)
where B is also of order one. For the de Sitter brane (A > 0) there are clearly a
number of scenarios in which H never vanishes and the brane can reach to arbitrarily
large values of a (see section 5.5 in [15]). However, for critical branes (A = 0) and
anti-de Sitter branes (A < 0), a will have a maximum value amax, where H vanishes.
Consider the critical brane at amax. It follows from (99) that
µ =
A
B
an−3max (100)
Combining this with equation (97), we find
α˜
a2H
= B
(
aH
amax
)n−3
≪ 1 (101)
where we have used the fact that B is order one.
Now consider the anti-de Sitter brane at amax. This time we get
µ =
A
B
(|A|an−1max + an−3max) (102)
Again, we combine this with equation (97) to give
B = α˜|A|
(
amax
aH
)n−1
+
α˜
a2H
(
amax
aH
)n−3
. (103)
Since B is order one, and amax ≫ aH , we must have
α˜|A| ≪ 1, α˜
a2H
≪ 1. (104)
This means that the anti-de Sitter brane is ruled out in the large a analysis.
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